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Integrate 𝑰 = ∫ 𝒆𝒂𝒙 𝐜𝐨𝐬(𝒃𝒙 + 𝒄) 𝒅𝒙 , 𝑱 = ∫ 𝒆𝒂𝒙𝒔𝒊𝒏(𝒃𝒙 + 𝒄) 𝒅𝒙 

Yue Kwok Choy 

  

Method 1  (Integration by parts) 

 

 For 𝐼 = ∫ 𝑒𝑎𝑥 cos(𝑏𝑥 + 𝑐) 𝑑𝑥 

 Let  𝑢 = cos(𝑏𝑥 + 𝑐) , 𝑑𝑢 = −𝑏 sin  (𝑏𝑥 + 𝑐) 𝑑𝑥, 𝑑𝑣 = 𝑒𝑎𝑥𝑑𝑥,   𝑣 =
1

𝑎
𝑒𝑎𝑥 

 ∴ 𝐼 =
1

𝑎
𝑒𝑎𝑥cos(𝑏𝑥 + 𝑐) − ∫ (

1

𝑎
𝑒𝑎𝑥) [−𝑏 sin(𝑏𝑥 + 𝑐) 𝑑𝑥] =

1

𝑎
𝑒𝑎𝑥cos(𝑏𝑥 + 𝑐) +

𝑏

𝑎
∫ 𝑒𝑎𝑥 sin(𝑏𝑥 + 𝑐) 𝑑𝑥 

  Since 𝐽 = ∫ 𝑒𝑎𝑥 sin(𝑏𝑥 + 𝑐) 𝑑𝑥 

  𝐼 −
𝑏

𝑎
𝐽 =

1

𝑎
𝑒𝑎𝑥cos(𝑏𝑥 + 𝑐) ⟹ 𝑎𝐼 − 𝑏𝐽 = 𝑒𝑎𝑥cos(𝑏𝑥 + 𝑐) … (1) 

 For 𝐽 = ∫ 𝑒𝑎𝑥 sin(𝑏𝑥 + 𝑐) 𝑑𝑥 

 Let 𝑢 = sin(𝑏𝑥 + 𝑐) , 𝑑𝑢 = 𝑏 cos(𝑏𝑥 + 𝑐) 𝑑𝑥, 𝑑𝑣 = 𝑒𝑎𝑥𝑑𝑥,   𝑣 =
1

𝑎
𝑒𝑎𝑥 

 𝐽 =
1

𝑎
𝑒𝑎𝑥sin(𝑏𝑥 + 𝑐) − ∫ (

1

𝑎
𝑒𝑎𝑥) [𝑏 cos(𝑏𝑥 + 𝑐) 𝑑𝑥] =

1

𝑎
𝑒𝑎𝑥sin(𝑏𝑥 + 𝑐) −

𝑏

𝑎
∫ 𝑒𝑎𝑥 cos(𝑏𝑥 + 𝑐) 𝑑𝑥 

  
𝑏

𝑎
𝐼 + 𝐽 =

1

𝑎
𝑒𝑎𝑥sin(𝑏𝑥 + 𝑐) ⟹ 𝑏𝐼 + 𝑎𝐽 = 𝑒𝑎𝑥sin(𝑏𝑥 + 𝑐) … (2) 

 𝑎 × (1) + 𝑏 × (2), (𝑎2 + 𝑏2)𝐼 = 𝑎 𝑒𝑎𝑥cos(𝑏𝑥 + 𝑐) + 𝑏 𝑒𝑎𝑥sin(𝑏𝑥 + 𝑐) 

  𝑰 =
𝒆𝒂𝒙

𝒂𝟐+𝒃𝟐
[𝒂 𝐜𝐨𝐬(𝒃𝒙 + 𝒄) + 𝒃 𝐬𝐢𝐧(𝒃𝒙 + 𝒄)] + 𝑪𝟏 

 𝑎 × (2) − 𝑏 × (12), (𝑎2 + 𝑏2)𝐽 = 𝑎 𝑒𝑎𝑥sin(𝑏𝑥 + 𝑐) − 𝑏 𝑒𝑎𝑥cos(𝑏𝑥 + 𝑐) 

  𝑱 =
𝒆𝒂𝒙

𝒂𝟐+𝒃𝟐
[𝒂 𝐬𝐢𝐧(𝒃𝒙 + 𝒄) − 𝒃 𝐜𝐨𝐬(𝒃𝒙 + 𝒄)] + 𝑪𝟐 

 

Method 2 (Differentiation) 

 

 𝐼 = ∫ 𝑒𝑎𝑥 cos(𝑏𝑥 + 𝑐) 𝑑𝑥 , 𝐽 = ∫ 𝑒𝑎𝑥𝑠𝑖𝑛(𝑏𝑥 + 𝑐) 𝑑𝑥 

 
𝑑

𝑑𝑥
[𝑒𝑎𝑥 cos(𝑏𝑥 + 𝑐)] = 𝑎𝑒𝑎𝑥 cos(𝑏𝑥 + 𝑐) − 𝑏𝑒𝑎𝑥 sin(𝑏𝑥 + 𝑐) 

 Integrate both sides, 𝑎 ∫ 𝑒𝑎𝑥 cos(𝑏𝑥 + 𝑐) 𝑑𝑥 − 𝑏 ∫ 𝑒𝑎𝑥 sin(𝑏𝑥 + 𝑐) 𝑑𝑥 = 𝑒𝑎𝑥 cos(𝑏𝑥 + 𝑐) 

  𝑎𝐼 − 𝑏𝐽 = 𝑒𝑎𝑥 cos(𝑏𝑥 + 𝑐) … (1) 

 
𝑑

𝑑𝑥
[𝑒𝑎𝑥𝑠𝑖𝑛(𝑏𝑥 + 𝑐)] = 𝑎𝑒𝑎𝑥𝑠𝑖𝑛(𝑏𝑥 + 𝑐) + 𝑏𝑒𝑎𝑥 cos(𝑏𝑥 + 𝑐) 

 Integrate both sides, 𝑎 ∫ 𝑒𝑎𝑥𝑠𝑖𝑛(𝑏𝑥 + 𝑐)𝑑𝑥 + 𝑏 ∫ 𝑒𝑎𝑥𝑐𝑜𝑠(𝑏𝑥 + 𝑐)𝑑𝑥 = 𝑒𝑎𝑥𝑠𝑖𝑛(𝑏𝑥 + 𝑐) 

  𝑏𝐼 + 𝑎𝐽 = 𝑒𝑎𝑥𝑠𝑖𝑛(𝑏𝑥 + 𝑐) … (2) 

 Solving (1) and (2), we have   𝑰 =
𝒆𝒂𝒙

𝒂𝟐+𝒃𝟐
[𝒂 𝐜𝐨𝐬(𝒃𝒙 + 𝒄) + 𝒃 𝐬𝐢𝐧(𝒃𝒙 + 𝒄)] + 𝑪𝟏    

        𝑱 =
𝒆𝒂𝒙

𝒂𝟐+𝒃𝟐
[𝒂 𝐬𝐢𝐧(𝒃𝒙 + 𝒄) − 𝒃 𝐜𝐨𝐬(𝒃𝒙 + 𝒄)] + 𝑪𝟐 
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Method 3 (Integration by parts) 

 

It is more or less the same as Method 1, here instead we change u and v in the integration by parts and 

use a single equation instead of solving simultaneous equations. 

 

 𝐼 = ∫ 𝑒𝑎𝑥 cos(𝑏𝑥 + 𝑐) 𝑑𝑥 =
1

𝑏
∫ 𝑒𝑎𝑥𝑑[sin(𝑏𝑥 + 𝑐)] =

1

𝑏
[𝑒𝑎𝑥 sin(𝑏𝑥 + 𝑐) − ∫ sin(𝑏𝑥 + 𝑐)𝑑(𝑒𝑎𝑥)] 

 =
1

𝑏
𝑒𝑎𝑥 sin(𝑏𝑥 + 𝑐) −

𝑎

𝑏
∫ 𝑒𝑎𝑥 sin(𝑏𝑥 + 𝑐) 𝑑𝑥 =

1

𝑏
𝑒𝑎𝑥 sin(𝑏𝑥 + 𝑐) +

𝑎

𝑏2 ∫ 𝑒𝑎𝑥 𝑑[cos(𝑏𝑥 + 𝑐)] 

 =
1

𝑏
𝑒𝑎𝑥 sin(𝑏𝑥 + 𝑐) +

𝑎

𝑏2
[𝑒𝑎𝑥 cos(𝑏𝑥 + 𝑐) − ∫ cos(𝑏𝑥 + 𝑐) 𝑑(𝑒𝑎𝑥)] 

 =
1

𝑏
𝑒𝑎𝑥 sin(𝑏𝑥 + 𝑐) +

𝑎

𝑏2
𝑒𝑎𝑥 cos(𝑏𝑥 + 𝑐) −

𝑎2

𝑏2 ∫ 𝑒𝑎𝑥 cos(𝑏𝑥 + 𝑐) 𝑑𝑥 

 =
1

𝑏
𝑒𝑎𝑥 sin(𝑏𝑥 + 𝑐) +

𝑎

𝑏2
𝑒𝑎𝑥 cos(𝑏𝑥 + 𝑐) −

𝑎2

𝑏2
𝐼 

 𝐼 (1 +
𝑎2

𝑏2) =
1

𝑏
𝑒𝑎𝑥 sin(𝑏𝑥 + 𝑐) +

𝑎

𝑏2 𝑒𝑎𝑥 cos(𝑏𝑥 + 𝑐) 

 Solve for 𝐼,   𝑰 =
𝒆𝒂𝒙

𝒂𝟐+𝒃𝟐
[𝒂 𝐜𝐨𝐬(𝒃𝒙 + 𝒄) + 𝒃 𝐬𝐢𝐧(𝒃𝒙 + 𝒄)] + 𝑪𝟏 

 Similarly, or more ingeniously differentiate the above equation partially with respect to c,     

    𝑱 =
𝒆𝒂𝒙

𝒂𝟐+𝒃𝟐
[𝒂 𝐬𝐢𝐧(𝒃𝒙 + 𝒄) − 𝒃 𝐜𝐨𝐬(𝒃𝒙 + 𝒄)] + 𝑪𝟐 

 

 

Method 4 (Complex number) 

 

 𝐼 = ∫ 𝑒𝑎𝑥 cos(𝑏𝑥 + 𝑐) 𝑑𝑥 , 𝐽 = ∫ 𝑒𝑎𝑥𝑠𝑖𝑛(𝑏𝑥 + 𝑐) 𝑑𝑥 

 𝐼 + 𝑖𝐽 = ∫ 𝑒𝑎𝑥[cos(𝑏𝑥 + 𝑐) + 𝑖 sin(𝑏𝑥 + 𝑐)]𝑑𝑥 = ∫ 𝑒𝑎𝑥𝑒𝑖(𝑏𝑥+𝑐)𝑑𝑥 = ∫ 𝑒𝑎𝑥+𝑖(𝑏𝑥+𝑐)𝑑𝑥 

  =∫ 𝑒(𝑎+𝑏𝑖)𝑥+𝑖𝑐𝑑𝑥 = 𝑒𝑖𝑐 ∫ 𝑒(𝑎+𝑏𝑖)𝑥𝑑𝑥 =
𝑒𝑖𝑐

𝑎+𝑏𝑖
𝑒(𝑎+𝑏𝑖)𝑥 =

𝑒𝑎𝑥

𝑎2+𝑏2
(𝑎 − 𝑏𝑖)𝑒𝑖(𝑏𝑥+𝑐) 

  =
𝑒𝑎𝑥

𝑎2+𝑏2
(𝑎 − 𝑏𝑖)[cos(𝑏𝑥 + 𝑐) + 𝑖 sin(𝑏𝑥 + 𝑐)] 

Expand and compare real and imaginary parts, we have 

 𝑰 =
𝒆𝒂𝒙

𝒂𝟐+𝒃𝟐
[𝒂 𝐜𝐨𝐬(𝒃𝒙 + 𝒄) + 𝒃 𝐬𝐢𝐧(𝒃𝒙 + 𝒄)] + 𝑪𝟏 𝑱 =

𝒆𝒂𝒙

𝒂𝟐+𝒃𝟐
[𝒂 𝐬𝐢𝐧(𝒃𝒙 + 𝒄) − 𝒃 𝐜𝐨𝐬(𝒃𝒙 + 𝒄)] + 𝑪𝟐 
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Method 5 (Differential equation) 

 

 𝑦 = ∫ 𝑒𝑎𝑥 cos(𝑏𝑥 + 𝑐) 𝑑𝑥 ⟹ 𝑦′ = ∫ 𝑒𝑎𝑥 cos(𝑏𝑥 + 𝑐) 𝑑𝑥   

 The characteristic equation of the homogeneous ODE 𝑦′ = 0 is 𝜆 = 0. 

 The complimentary solution is  𝑦𝐶 = 𝐶1𝑒0∙𝑥 = 𝐶1 

 The particular solution is  𝑦𝑃 = 𝑒𝑎𝑥[𝐴 cos(𝑏𝑥 + 𝑐) + 𝐵 sin(𝑏𝑥 + 𝑐)] 

 Using the method of undetermined coefficients, we have 

 𝑦𝑃
′ = 𝑒𝑎𝑥[−𝑏𝐴 sin(𝑏𝑥 + 𝑐) + 𝑏𝐵 cos(𝑏𝑥 + 𝑐) ] + 𝑎𝑒𝑎𝑥[𝐴 cos(𝑏𝑥 + 𝑐) + 𝐵 sin(𝑏𝑥 + 𝑐)]: 

  = 𝑒𝑎𝑥[(−𝑏𝐴 + 𝑎𝐵) sin(𝑏𝑥 + 𝑐) + (𝑎𝐴 + 𝑏𝐵)𝑐𝑜𝑠(𝑏𝑥 + 𝑐) ] ≡ 𝑒𝑎𝑥 cos(𝑏𝑥 + 𝑐) 

 Hence  {
−𝑏𝐴 + 𝑎𝐵 = 0
𝑎𝐴 + 𝑏𝐵 = 1

⟹ {
𝐴 =

𝑎

𝑎2+𝑏2

𝐵 =
𝑏

𝑎2+𝑏2

⟹  𝑦𝑃 =
𝑒𝑎𝑥

𝑎2+𝑏2
[𝑎 cos(𝑏𝑥 + 𝑐) + 𝑏 sin(𝑏𝑥 + 𝑐)] 

 𝒚 = 𝑦𝑃 + 𝑦𝐶 =
𝒆𝒂𝒙

𝒂𝟐+𝒃𝟐
[𝒂 𝐜𝐨𝐬(𝒃𝒙 + 𝒄) + 𝒃 𝐬𝐢𝐧(𝒃𝒙 + 𝒄)] + 𝑪𝟏 

 

 

Method 6 

 

 Take 𝑎 = 𝑟 cos 𝜃, 𝑏 = 𝑟𝑠𝑖𝑛 𝜃 ⟹ 𝑟 = √𝑎2 + 𝑏2, 𝜃 = 𝑡𝑎𝑛−1 (
𝑏

𝑎
) 

 The integrand 

   𝑒𝑎𝑥 cos(𝑏𝑥 + 𝑐) = 𝑒𝑎𝑥 cos{[(𝑏𝑥 + 𝑐) − 𝜃] + 𝜃} 

   = 𝑒𝑎𝑥{cos[(𝑏𝑥 + 𝑐) − 𝜃] cos 𝜃 − sin[(𝑏𝑥 + 𝑐) − 𝜃] sin 𝜃} 

   =
𝑒𝑎𝑥

𝑟
{𝑎 cos[(𝑏𝑥 + 𝑐) − 𝜃] − 𝑏 sin[(𝑏𝑥 + 𝑐) − 𝜃]} 

   =
𝑑

𝑑𝑥
{

𝑒𝑎𝑥

𝑟
cos[(𝑏𝑥 + 𝑐) − 𝜃]} 

 ∴ ∫ 𝑒𝑎𝑥 cos(𝑏𝑥 + 𝑐) 𝑑𝑥 =
𝑒𝑎𝑥

𝑟
cos[(𝑏𝑥 + 𝑐) − 𝜃] + 𝐶1 

      =
𝑒𝑎𝑥

𝑟
{cos(𝑏𝑥 + 𝑐) cos 𝜃 + sin(𝑏𝑥 + 𝑐) sin 𝜃} + 𝐶1 

      =
𝑒𝑎𝑥

𝑟2
{𝑎 cos(𝑏𝑥 + 𝑐) + 𝑏 sin(𝑏𝑥 + 𝑐)} + 𝐶1 

  ∴ 𝑰 =
𝒆𝒂𝒙

𝒂𝟐+𝒃𝟐
[𝒂 𝐜𝐨𝐬(𝒃𝒙 + 𝒄) + 𝒃 𝐬𝐢𝐧(𝒃𝒙 + 𝒄)] + 𝑪𝟏 


