Integrate I = [ e™ cos(bx + ¢) dx, J = [ e*sin(bx + ¢) dx
Yue Kwok Choy

Method1 (Integration by parts)

For I = [e™ cos(bx + ¢) dx

Let u = cos(bx +c), du = —bsin (bx +c)dx, dv =edx, v = %eax

ol = %eaxcos(bx +c)— | (ieax) [=bsin(bx + ¢) dx] = %eaxcos(bx +c) + gf e* sin(bx + c) dx
Since | = [ e** sin(bx + ¢) dx
I — Z] = %e“"cos(bx +c¢)= al —b] =e™™cos(bx +¢)...(1)

For | = [e™ sin(bx + ¢) dx

Let u = sin(bx + ¢), du = bcos(bx + ¢)dx, dv =e%¥dx, v = %eax
] = %eaxsin(bx +co)— | Ge“") [b cos(bx + ¢) dx] = %eaxsin(bx +c) — Zf e cos(bx + ¢) dx

ZI +] = ieaxsin(bx +c¢) = bl +aJ = e*sin(bx +c) ...(2)

ax (1) +bx(2), (a®>+b>I =ae“*cos(bx + c) + be*sin(bx + c)

ax

I = ——[acos(bx + ¢) + bsin(bx + ¢)] + C;

a2+b2

ax(2)—bx(12), (a® + b?)] = ae**sin(bx + ¢) — b e*cos(bx + ¢)

J = aze_:xbz [asin(bx + ¢) — b cos(bx + ¢)] + C,

Method 2 (Differentiation)

I=[e**cos(bx+c)dx, ] = [ e¥sin(bx + c) dx

;—x [e®* cos(bx + ¢)] = ae™ cos(bx + ¢) — be™ sin(bx + ¢)

Integrate both sides, a [ e cos(bx + ¢) dx — b [ e** sin(bx + ¢) dx = e™ cos(bx + ¢)
al — b] = e* cos(bx +¢) ...(1)

;—x [e*sin(bx + ¢)] = ae®sin(bx + ¢) + be* cos(bx + ¢)
Integrate both sides, a [ e®sin(bx + c)dx + b [ e cos(bx + ¢)dx = e*sin(bx + ¢)
bl + a] = e*sin(bx + ¢) ...(2)

ax

Solving (1) and (2), we have I =

[a cos(bx + c¢) + bsin(bx + ¢)] + C4

a2+b?

ax

J = ——[asin(bx + ¢) — bcos(bx + ¢)] + C,

T a?+h?



Method 3 (Integration by parts)

[t is more or less the same as Method 1, here instead we change u and v in the integration by parts and

use a single equation instead of solving simultaneous equations.

[ =[e%cos(bx +c)dx = %f e**d[sin(bx + ¢)] = %[eax sin(bx + ¢) — [ sin(bx + ¢)d(e™)]
= %eax sin(bx + ¢) — %f e sin(bx + ¢) dx = %eax sin(bx +¢) + b%f e d[cos(bx + ¢)]
1 ; e _
= e sin(bx + ¢) + = [e® cos(bx + ¢) — [ cos(bx + ¢) d(e®)]
= %eax sin(bx + ¢) + %eax cos(bx + c) — Z—jf e cos(bx + c) dx
=Lleax sin(bx + ¢) + — e cos(bx + ¢) — a—zl

b b2 b2

a_z — 1 ax a ax
I(1+b2)—be sm(bx+c)+bze cos(bx + ¢)

eax
a2+b2

Solvefor I, I =

[a cos(bx + ¢) + bsin(bx + ¢)] + C4
Similarly, or more ingeniously differentiate the above equation partially with respect to c,

J = aze—ixbz [asin(bx + ¢) — bcos(bx + ¢)] + C,

Method 4 (Complex number)

I=[e**cos(bx+c)dx, ] = [ e¥sin(bx + c) dx
I+i] = [e®™[cos(bx + ¢) + i sin(bx + ¢)]dx = [ eelbx+c)dy = [ gax+ilbx+c)gy
_ (a+bi)x+ic _ Jic (a+bi)x _ e_ic (a+bd)x — e i ,ilbx+c)
=[e dx=¢e[e dx = ——e —57 (a—bie
eax

= (a — bi)[cos(bx + ¢) + i sin(bx + ¢)]

a?+b?

Expand and compare real and imaginary parts, we have

ax

I=——lacos(bx+c)+bsin(bx+c)]+C; |

a2+b2

_ eax

T a?+b?

[asin(bx + ¢) — b cos(bx + ¢)] + C,



Method 5 (Differential equation)

y = [e*cos(bx +c)dx =y’ = [ e™ cos(bx + ¢) dx
The characteristic equation of the homogeneous ODE y' =0 is 1 = 0.
The complimentary solutionis y, = C;e%* = C;
The particular solutionis yp, = e**[A cos(bx + ¢) + B sin(bx + ¢)]
Using the method of undetermined coefficients, we have
yp = e*™[—bAsin(bx + ¢) + bB cos(bx + ¢) | + ae**[A cos(bx + ¢) + B sin(bx + ¢)]:
= e™[(—bA + aB) sin(bx + ¢) + (aA + bB)cos(bx + ¢) | = e* cos(bx + ¢)
a

A=—
—bA+aB =0 a2+p2 _ eax -
aA+bB=1 |g—_2 = Yp = 5z lacos(bx + c) + bsin(bx + ¢)]

a?+b?

Hence {

y=yp+y;= %[acos(bx+ ¢) + bsin(bx + ¢)] + C,

Method 6

Take a =rcos8,b =rsin 8 = r =+vVa?2 + b2, 0 =tan™? (S)

The integrand
e cos(bx + c) = e cos{[(bx + ¢c) — 0] + 6}
= e™{cos[(bx + c) — 8] cos 8 — sin[(bx + ¢) — 0] sin 6}

= {acos[(bx + ¢) — 6] — bsin[(bx + ¢) — 6]}

- %{#cos[(bx +c) - 6]}

~ [ e% cos(bx + ¢)dx = #cos[(bx +c)—-0]+C
= #{cos(bx + ¢) cos @ + sin(bx + ¢)sin6} + C,

= erg{a cos(bx + c¢) + bsin(bx + ¢)} + C;

ax

~ I = ——[a cos(bx + ¢) + bsin(bx + ¢)] + C4

T a2+b?



